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Among the various possibilities to probe the theory behind the recent accelerated expansion of
the universe, the energy conditions (ECs) are of particular interest, since it is possible to confront
and constrain the many models, including different theories of gravity, with observational data. In
this context, we use the ECs to probe any alternative theory whose extra term acts as a cosmological
constant. For this purpose, we apply a model-independent approach to reconstruct the recent expan-
sion of the universe. Using Type Ia supernova, baryon acoustic oscillations and cosmic-chronometer
data, we perform a Markov Chain Monte Carlo analysis to put constraints on the effective cos-
mological constant Ω0eff . By imposing that the cosmological constant is the only component that
possibly violates the ECs, we derive lower and upper bounds for its value. For instance, we obtain
that 0.59 < Ω0eff < 0.91 and 0.40 < Ω
0
eff < 0.93 within, respectively, 1σ and 3σ confidence levels.
In addition, about 30% of the posterior distribution is incompatible with a cosmological constant,
showing that this method can potentially rule it out as a mechanism for the accelerated expansion.
We also study the consequence of these constraints for two particular formulations of the bimet-
ric massive gravity. Namely, we consider the Visser’s theory and the Hassan and Roses’s massive
gravity by choosing a background metric such that both theories mimic General Relativity with a
cosmological constant. Using the Ω0eff observational bounds along with the upper bounds on the
graviton mass we obtain constraints on the parameter spaces of both theories.
I. INTRODUCTION
The currently observed acceleration of the Universe is
inferred, for example, from the measurements of lumi-
nosity distance as a function of redshift for distant Type
Ia supernovae (SNe Ia) [1, 2]. This result has been sup-
ported by other cosmological observations such as the
anisotropies in the Cosmic Microwave Background ra-
diation (CMB) [3, 4], the Baryon Acoustic Oscillation
(BAO) [5] and the Large Scale Structure (LSS) [6, 7]
data. Two possible approaches to describe this phe-
nomenon consist in modifying the theory of gravitation
or to include new fields in the matter-energy content of
the universe (see [8] and references therein). Following
the former, an attractive method to tackle this problem is
to consider possible modifications of the Einstein’s the-
ory of general relativity (GR), considering for example
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that gravitons are massive particles (see, e.g., [9–12]).
Independently of the method used to approach the ac-
celeration phenomenon, in most cases, when dealing with
homogeneous and isotropic background, one can rewrite
the equation of motion for the scale factor as a Friedmann
equation with an extra term. For this reason it is useful
to study this extra term phenomenologically. Then, once
its properties are constrained by the data, one can study
their consequences for specific theories behind the afore-
mentioned term. In this work we follow this approach
focusing on the consequences of assuming that the extra
term behaves as a cosmological constant. Subsequently,
we apply the obtained constraints for two distinct formu-
lations of massive bimetric gravity.
The massive graviton problem has been studied since
the seminal work by Fierz and Pauli (FP) in 1939, when
they first wrote the action for a Lorentz invariant mas-
sive spin-2 theory [9]. The linear FP model coupled to
a source was studied by van Dam and Veltman [13] and
Zakharov [14, 15] (vDVZ), who discovered the surpris-
ing fact that the FP model differs from GR even when
the graviton is massless. This problem, known as vDVZ
discontinuity, can be avoided by the Vainshtein mech-
anism, which takes into account the non-linearities of
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2the FP model [16]. However, soon after the Vainshtein
findings, Boulware and Deser (BD) studied some spe-
cific fully nonlinear massive gravity theories and showed
that they possess ghost-like instabilities [17]. Since then,
the problem of the ghost-like solutions in massive gravity
theories have been extensively debated in the literature
[see,e.g., 18–21]. See also the review [22] and references
therein.
Consequently, the extension of massive gravity to
strong fields (non-linear order) is not a trivial task. One
attempt was carried out by M. Visser by introducing
a background metric that is not subjected to any dy-
namical equation [10]. In his theory the mass term de-
pends both on the dynamical and background metrics
such that, in the linear limit, the massive field obeys a
Klein-Gordon equation with a source term, and the full
GR is recovered when the graviton mass vanishes. How-
ever, in Ref. [23], de Roany et al. have pointed out that
the Visser massive graviton tensor must be corrected by
a factor equal to the square root of the ratio of the deter-
minants of the background and of the dynamical metrics.
They claimed that a multiplicative factor is missing in the
graviton tensor originally derived by Visser, which has
no consequences on the weak field approach but becomes
important in the strong field regime when, for instance,
cosmological applications are considered.
Nevertheless, it is well-known that bimetric gravity
theories are generally affected by the same ghost instabil-
ity appearing in massive gravity [24]. Recently, however,
the existence of a consistent ghost-free bimetric theory of
massive gravity was demonstrated by Hassan and Rosen
[21]. It was shown that the theory is ghost-free at the
complete non-linear level [see also 19, 20, 25–29]. The
remaining presence of a BD ghost for a family of theo-
ries, due to the vanishing Hessian of their actions, was
discussed in Ref. [30]. Notwithstanding, Alexandrov con-
firmed that those theories are ghost-free [31].
An analysis of the relationship between massive grav-
ity and bimetric gravity (the so called bigravity) in the
context of the Hassan and Rosen [21] approach was car-
ried out by Baccetti et al. [24], focusing on a procedure
which allows massive gravity to be treated as a suitable
limit of bigravity. In essence, we can say that in the
limit of a vanishing kinetic term for the background met-
ric, the solutions of bigravity will also be solutions of
massive gravity compatible with a non-flat-background
metric, whereas the opposite is not necessarily true.
Recently, different cosmological applications of bigrav-
ity and massive gravity models have been analysed [see
e.g., 32–38]. Particularly, von Strauss et al. [35] have
considered cosmological solutions of bigravity that re-
produce the current cosmic acceleration and fitted such
models to observational data like SNIa, CMB and BAO.
Koennig et al. [36] constrained the parameters of bigrav-
ity using SNeIa data, and they found out a number of
simple rules for viable cosmological models that lead to
a final de Sitter cosmological state. The cosmological vi-
ability of bigravity has also been examined by Akrami
et al. [38]. Exploring a region of the parameter space,
overlooked so far, they showed that the model provides
late-time acceleration in agreement with observations.
In Refs. [39–42] the authors have shown that Visser’s
massive gravity could be a viable explanation of the late-
time acceleration phase of the Universe. These work have
demonstrated that the predicted growth rate of cluster-
ing as well as the shape and amplitude of the redshift dis-
tribution of cluster-size halos are slightly different from
those obtained in the ΛCDM cosmology. Therefore, these
different signatures could be compared and tested against
observations.
One way to probe a theory of gravitation is to com-
pute its respective energy conditions (ECs) and confront
them with the observational data. In the context of GR
the ECs bounds were scrutinized using SNeIa data [43–
45]. A number of authors also studied the ECs in al-
ternative theories of gravitation. For instance, the ECs
have been used to constrain f(R) theories of gravity [46–
48], and extensions involving nonminimal curvature cou-
plings [49–54]. Bounds on modified Gauss-Bonnet f(G)
gravity from the ECs have also been analyzed [55–57].
The recently proposed f(R, T ) theories of gravity has
been considered [58–60]. The bigravity theory has also
been studied in the same context [61] and a possible vi-
olation of the null EC was found.
In this work, we present the ECs and use them to
constrain, in the cosmological scenario, the extra effec-
tive term (working as a cosmological constant), and also
the bimetric massive gravity theories that come from the
recent approaches by de Roany et al. [23] (Visser’s La-
grangian) and Baccetti et al. [24] (Hassan and Rosen’s
Lagrangian). Here we introduce a different idea, instead
of simply testing the ECs, we assume that the remaining
matter content (baryons, photons, neutrinos, cold dark
matter, etc) fulfills the ECs. By doing this, we are now
able to obtain lower and upper bounds for the cosmolog-
ical constant term. Then, we confront these bounds with
estimates of the deceleration and Hubble functions, which
are reconstructed as functions of the redshift by using
the model-independent approach presented in Ref. [62].
This reconstruction makes use of the Sloan Digital Sky
Survey-II and Supernova Legacy Survey 3 years (SDSS-
II/SNLS3) combined with the Joint Light-curve Analysis
SNe Ia sample (JLA) [63], BAO data [64–69] and H(z)
measurements [70–74]. As a result, we are able to find
out the admissible regions of the parameter space of both
bimetric massive theories in order to fulfill the strong and
dominant ECs.
The paper is organized as follows: in Sec. II we briefly
introduce the bimetric massive gravity by using both
the Visser’s and the Hassan and Rosen’s Lagrangian.
In Sec. III we present the ECs for gravitational theo-
ries where the extra term acts as a cosmological constant
(obtained in details in a general context for a class of ex-
tended theories of gravity in the companion paper [75]),
and then we derive the EC inequalities for these two bi-
metric massive gravity theories. In Sec. IV, by using the
3EC bounds estimated from SNe Ia, BAO and H(z) data,
we discuss the constraints imposed on the parameters
of these massive gravity theories. Finally, in Sec. V we
present our concluding remarks. Throughout the article
we use the metric signature (−,+,+,+) and units such
that c = ~ = 1 unless otherwise mentioned.
II. BIMETRIC MASSIVE GRAVITY
The graviton mass can be consistently taken into ac-
count by imposing the existence of a background met-
ric fµν in addition to the dynamical metric gµν . In the
context of massive gravity the metric fµν is externally
specified and not determined by the theory itself [22].
Only the physical metric gµν couples to matter and deter-
mine the geodesics followed by particles. As mentioned
in Sec. I, we consider here two approaches to massive
gravity: (i) the one proposed by Visser [10] and (ii) the
massive Lagrangian proposed by Hassan and Rosen [21].
These two theories possess some similarities as well as
important differences as described below.
In both cases the action can be written in the following
form
S =
1
16piG
∫
d4x
[√−gR(gµν) + Lmass(gµν , fµν)]+ Sm,
(1)
where G is the gravitational constant, g is the determi-
nant of the dynamical metric gµν , R(gµν) is the Ricci
scalar and Sm is the matter action, as usual. Finally,
Lmass is the “massive” Lagrangian which is the only
quantity depending on both gµν and fµν . Hence, the
mass of the graviton is introduced via an interaction be-
tween the dynamical and the background metrics.
In the Visser’s approach, the massive Lagrangian is
given by [10]
Lmass(gµν , fµν) = −1
4
m2
√
−f
{
fαβfµν(gαµ − fαµ)
× (gβν − fβν)− 1
2
[fαβ(gαβ − fαβ)]2
}
, (2)
where m is the mass of the graviton. This Lagrangian is
essentially motivated by the fact that in the weak field
limit, for which gαβ = fαβ + hαβ with |hαβ |  1, we ob-
tain that the field hαβ obeys the Klein-Gordon equation,
when fµν is taken to be the Minkowski metric ηµν . In
this case, GR is consistently recovered when the graviton
mass vanishes.
On the other hand, the bimetric Lagrangian considered
by Hassan and Rosen [20, 21] is a function of the quantity
γµν =
(√
g−1f
)µ
ν
, i.e., γµσγ
σ
ν = g
µσfσν , (3)
and is given by
Lmass = 2m2
√−g [e2(K)− c3e3(K)− c4e4(K)] , (4)
with Kµν = δ
µ
ν −γµν . The parameters c3 and c4 are di-
mensionless, and en(K) are elementary symmetric poly-
nomials given by
e2(K) =
1
2
(
[K]2 − [K2]) , (5)
e3(K) =
1
6
(
[K]3 − 3[K][K2] + 2[K3]) , (6)
e4(K) =
1
24
(
[K]4 − 6[K2][K]2 + 3[K2]2
+ 8[K][K3]− 6[K4]), (7)
where [K] = tr(Kµν).
The Lagrangian given by Eq. (4) is the most gen-
eral ghost free mass term and it is constructed as a
“deformed” determinant. It can be seen that it is of
fourth order in the quantity γµν , and all higher order
terms are identically zero in four dimensions (for fur-
ther discussions, see [20]). Therefore, unlike the Visser’s
Lagrangian, this theory has two additional parameters,
namely c3 and c4, besides the graviton mass m.
III. ENERGY CONDITION BOUNDS IN
BIMETRIC MASSIVE GRAVITY
In order to further study the bimetric massive gravity
theories described in Sec. II, we now apply the general
methodology presented in [75], in the context of extended
theories of gravity, to compute the ECs and, then, put
constraints on the parameters of these bimetric massive
theories using observational data.
A. Energy conditions
As discussed in [75] the strong and the null ECs are
derived from the Raychaudhuri equation for congruences
of timelike and null curves, respectively. That is,
Rµνt
µtν ≥ 0, (8)
Rµνk
µkν ≥ 0, (9)
where tµ (kµ) is a timelike (null) tangent vector field.
Now, considering that only the ordinary matter should
obey such conditions, Eq. (8) can be rewritten in terms
of the energy-momentum tensor, namely(
Tµν − 1
2
gµνT
)
tµtν ≥ 0. (10)
Furthermore, considering the fluid four velocity Uν =
(−1, 0, 0, 0), the above inequation can be split in the fol-
lowing two inequalities
TµνU
µUν +
1
2
T ≥ 0, (11)
and
Tµνk
µkν ≥ 0. (12)
4Note that Eq. (9) also leads to Eq. (12). Therefore,
Eqs. (11) and (12) express simultaneously the strong en-
ergy condition (SEC) and Eq. (12) expresses the null en-
ergy condition (NEC). Thus, the fulfillment of SEC im-
plies also that NEC is fulfilled.
In short, we are assuming that Tµν includes only or-
dinary matter such as baryons, dark matter, radiation
and neutrinos. Consequently, in the absence of modifi-
cations, Eqs. (11) and (12) imply Eqs. (8) and (9). This
is motivated by the fact that in other scales, where the
modification should be irrelevant (e.g., laboratory, solar
system), these matter components fulfill the ECs.
The weak energy condition (WEC) and dominant en-
ergy condition (DEC) are restrictions on the energy-
momentum tensor Tµν . WEC states that
Tµνt
µtν ≥ 0, (13)
or
TµνU
µUν ≥ 0, and Tµνkµkν ≥ 0, (14)
while DEC,
TµνT
ν
λt
µtλ ≥ 0, (15)
states that the speed of the energy flow of matter is less
than the speed of light. It is worth noting that DEC
includes WEC.
B. Friedmann equations and energy conditions in
the bimetric massive gravity
In Ref [75], we considered a class of extended theories
of gravity for which the field equations can be written in
the generic form
Gµν +Hµν =
8piG
g1
Tµν , (16)
where Gµν is the Einstein tensor with Tµν being the usual
energy-momentum tensor for matter fields. The addi-
tional tensor Hµν depends on the details of each theory
and can be a function of the metric, of scalar and vec-
tor fields and of covariant derivatives of these quantities.
The factor g1 drives the modified coupling with the mat-
ter fields. Such a class of theories is characterized by the
existence of cosmological solutions. In this work we con-
sider the case for which the modified gravity term acts
effectively as a cosmological constant and g1 = 1.
In the context of massive gravity theories the tensor
Hµν can be derived in a straightforward manner from
the Lagrangians (2) or (4) (we refer the reader to Refs.
[20, 23, 24]). In order to show that the theory is included
in the above class, we choose a suitable background met-
ric fµν that better accommodates a cosmological solu-
tion. Motivated by the Hassan and Rosen approach, we
consider a massive cosmological solution that is continu-
ous in the parameter space, in the sense that it is a solu-
tion of both massive and bimetric gravity theories in the
limit of a vanishing kinetic term. In this respect, there
is a particular choice for the background metric that re-
lates it to the physical metric by a position-independent
rescaling, namely, a positive constant D2 (such as in Refs.
[23, 24])
fµν = D
2 gµν . (17)
This is a well motivated choice for both, the Visser the-
ory and for the Hassan and Rosen theory, since it leads
to a massive tensor that acts effectively as a cosmological
term in the Einstein field equations [23, 24]. Thereupon,
it is straightforward to show that in both cases it is pos-
sible to write the Hµν tensor as
Hµν = −ρeff gµν , (18)
where here ρeff is an effective constant energy density
coming from the massive term.
We can also define an effective pressure peff with equa-
tion of state peff = −ρeff , such that this term works like
a cosmological constant. The specific dependence of ρeff
on the parameters of each theory will be shown below.
Before proceeding, let us write the general form of the
Friedmann’s equations and of the ECs for the two mas-
sive models. Considering that gµν is given by the Fried-
mann metric and that the energy-momentum tensor for
the matter fields is Tµν = (ρ + p)UµUν + pgµν , we find
the Friedmann’s equations(
a˙
a
)2
=
8piG
3
(ρ+ ρeff)− k
a2
, (19)
and
a¨
a
+
1
2
(
a˙
a
)2
= −4piG(p+ peff)− k
2a2
, (20)
where a(t) is the scale factor, the dot corresponds to
the derivative with respect to the cosmic time t, and
k is the curvature of the spatial section. In what fol-
lows we use the definitions for the Hubble function H ≡
H0E(a) ≡ a˙/a, the deceleration function q = −a¨a/a˙2
and the present value of the density parameter associ-
ated with the cosmological constant like term, namely
Ω0eff ≡ 8piGρeff/3H20 . Hereafter the subscript and super-
script 0 stand for the present-day quantities.
Therefore, by using Eqs. (19) and (20) together with
the results of Sec. III A, it is straightforward to show that
SEC and DEC put, respectively, lower and upper bounds
on Ω0eff , namely
Ω0eff ≥ Ωloweff (z) ≡ −q(z)E2(z), (21)
Ω0eff ≤ Ωupeff(z) ≡
{
[2− q(z)]E(z)2 − 2Ω0k(1 + z)2
}
3
,
(22)
where 1 + z ≡ a0/a and Ω0k = −k/(a0H0)2 is the curva-
ture density. Note that Eqs. (21) and (22) refers respec-
tively to
SEC ρ+ 3p ≥ 0, (23)
DEC ρ− p ≥ 0. (24)
5Therefore, if we are able to determine from observa-
tions the curvature and the behavior of q(z) and E(z),
it is possible to specify the kinetic constraints imposed
by ECs on Ω0eff and, consequently, on the parameters
involved in each massive theory. Moreover, the determi-
nation of these functions provide a whole range of upper
and lower bounds, i.e., the inequalities (21) and (22) must
be fulfilled in the entire range of redshift z where they
were determined. Accordingly, since we are dealing with
inequalities we need only the maximum of Ωloweff (z) and
the minimum of Ωupeff(z), that is
z1 = arg max Ω
low
eff , Ω
low?
eff = Ω
low
eff (z1), (25)
z2 = arg min Ω
up
eff , Ω
up?
eff = Ω
up
eff(z2). (26)
It is worth noting that for the same reconstruction z1
and z2 can be different. There is also the possibility that
Ωlow?eff > Ω
up?
eff , which means that the cosmological con-
stant would be ruled out since it could not satisfy the
bounds, indicating that the modification term should be
at least time dependent. In other words, the presence
of lower and upper bounds, distributed in a wide range
of redshifts, raises the possibility that the reconstructed
curves lead to the largest lower bound (at z1) larger
than the smallest upper bound (at z2). This is clearly
inconsistent with an effective constant modification, we
would need a time dependent Ωeff in order to satisfy both
bounds. We explore this fact in Sec. IV.
C. Density parameter for the Visser’s Lagrangian
Notice that the specific expressions for ρeff depend on
the particular Lagrangian adopted. Recall that ρeff ≡
TµνmassUµUν , where Uµ is the four velocity and T
µν
mass
is calculated by varying the Lagrangian [in particular,
Eqs. (2) and (4)] with respect to gµν and considering
that fµν and gµν are independent. For the Visser’s La-
grangian (2) we find that ρeff is given by [23]
ρeff =
m2
16piG
(D2 − 1). (27)
In principle, ρeff can be positive or negative, but it
needs to be positive by requiring that (D2 − 1) > 0 in
order to be consistent with the recent phase of acceler-
ated expansion of the Universe without the addition of
any other component. The corresponding dimensionless
density parameter is
Ω0eff =
m2
6
(D2 − 1), (28)
where m ≡ m/H0.
In physical units the above mass parameter reads m =
m/(~H0/c2) = `H/λg, where `H = c/H0 is the Hubble
distance and λg = ~/mc is the Compton wavelength of
the graviton. If λg < `H , i.e., m > 1, this would mean
that m > ~H0/c2 or m > 2.13× 10−33 h eV/c2 for H0 =
100 h km s−1Mpc−1.
D. Density parameter for the Hassan and Rosen
Lagrangian
In the Hassan and Rosen approach, ρeff is related to
the parameters c3 and c4, besides the mass m, as follows
[24]
ρeff =
3m2
8piG
Q(c3, c4), (29)
where
Q(c3, c4) =
1
3
(1−D)2[c3(1−D)− 3], (30)
and D is now given by
D = 1 +
3c3
2c4
±
√(
1 +
3c3
2c4
)2
− 1. (31)
Note that c3(1−D) > 3, in order to have ρeff > 0. In
this case, the corresponding density parameter reads
Ω0eff = m
2Q(c3, c4). (32)
In the linear regime, the Visser’s Lagrangian is clearly
not free of ghosts for fµν = ηµν . In this case the Visser’s
Lagrangian (2) does not reduces to the FP Lagrangian,
which is the only ghost free Lorentz invariant linear the-
ory. On the other hand, it has been proved that the
Hassan and Rosen Lagrangian (4) is ghost-free at the
complete non-linear level.
The massive gravity in the Hassan and Rosen approach
may be viewed as a limit of bigravity for which there is
a kinetic term for the background metric in addition to
the interaction Lagrangian (4). However, as detailed dis-
cussed in [24], the limiting procedure is delicate. The
authors found that solutions of bimetric gravity in the
limit of vanishing kinetic term are also solutions of mas-
sive gravity, whereas the converse statement is not neces-
sarily true. With this in mind and following [24], in the
present article we consider a massive cosmological solu-
tion that is continuous in the parameter space, i.e., it
is simultaneously a solution of both massive gravity and
bimetric gravity in the limit of a vanishing kinetic term.
Furthermore, it is worth mentioning that, besides the
bimetric approach, there are also other methods to model
a massive gravity. For instance, the introduction of an
auxiliary extra dimension [76, 77] and the generation of
mass through a gravitational Higgs mechanism [78–82].
These two alternatives can be formulated in terms of the
bimetric massive gravity as discussed in [21] and [83].
IV. RESULTS
In Ref. [75] (the companion paper) we presented ob-
servational bounds for the energy conditions (considering
both general relativity and extended theories of gravity)
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FIG. 1. The (Ωlow?eff ,Ω
up?
eff ) posterior probability distribution for the three cases studied, i.e., flat universe (left panel) and
considering Gaussian priors on Ωk with zero mean and scatters equal to 0.05 (middle panel) and 0.1 (right panel). The shaded
blue areas represents the regions where Ωlow?eff > Ω
up?
eff . That is, a solution like the cosmological constant is rule out at this area
of the parameter space.
obtained from SNe Ia, BAO and H(z) data. In particu-
lar, we used the JLA catalog of 740 SNe Ia [63], 11 BAO
measurements [64–69], and 22 H(z) data points [70–73].
These data sets are comprised in the redshift interval
z ∈ [0, 2.33]. We then estimated q(z) and E(z) in this
redshift range, using the model-independent reconstruc-
tion method introduced by Vitenti and Penna-Lima [62].
We applied the Markov Chain Monte Carlo (MCMC) ap-
proach, where we run about 5 × 106 points distributed
among 50 chains for three different cases. These cor-
respond to flat universe, Ω0k = 0, and two conservative
Gaussian priors where Ω0k = 0 ± 0.05 and Ω0k = 0 ± 0.1.
For this, we made use of the MCMC ensemble sampler al-
gorithm from the NumCosmo library (NcmFitESMCMC)
[84] based on Ref. [85]. The respective SNe Ia, BAO and
H(z) likelihoods are also implemented in NumCosmo. For
details of these likelihoods and the data sets, see [75].
From these reconstructions of q(z) and H(z), in this
work we obtain observational constraints for the upper
and lower bounds for Ω0eff , see Eqs. (21) (SEC) and (22)
(DEC). For each point p of the MCMC catalog, we cal-
culated the functions Ωloweff,p(z) and Ω
up
eff,p(z) determining
their maxima (Ωlow?eff,p) and minima (Ω
up?
eff,p). These ex-
tremes were calculated considering different intervals
z ∈ [0, 0.5], z ∈ [0, 1.25], z ∈ [0, 1.5].
The results concerning the upper and lower bounds of
Ω0eff are virtually independent of the choice of the inter-
vals above. Nevertheless, using a larger redshift range
increases the variances of Ωlow?eff,p and Ω
up?
eff,p, since the re-
constructed curves have wider variance for higher z as
showed in Penna-Lima et al. [75]. In practice this results
in a larger probability of finding Ωlow?eff,p > Ω
up?
eff,p, which
highlights the following trade-off. Our method constrains
Ω0eff in the redshift interval used to determine the ex-
tremes. Thus, more can be said about the behavior of
Ω0eff with a larger range, notwithstanding, as the interval
increases so the variance. Here we carry out the analysis
using the interval z ∈ (0, 0.5). We emphasize that this
choice makes almost no difference in the determination
of Ωlow?eff,p and Ω
up?
eff,p.
From our sample (Ωlow?eff,p , Ω
up?
eff,p) we estimate the pos-
terior probability density P (Ωlow?eff , Ω
up?
eff ) as showed
in Fig 1. The probability distribution correlates both
bounds in all three cases, and there are probabilities of
about 30% of finding Ωlow?eff > Ω
up?
eff (shaded blue areas).
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FIG. 2. The 1σ − 3σ contours of the (Ωlow?eff ,Ωup?eff ) posterior probability distribution for the three cases studied, i.e., flat
universe (left panel) and considering Gaussian priors on Ωk with zero mean and scatters equal to 0.05 (middle panel) and 0.1
(right panel). We identify the points in the curves where we have the smallest intervals for a given confidence level.
Note that this percentage is much more influenced by
our choice of redshift interval discussed above. Larger
intervals leads to regions where the curves are less con-
strained and consequently fluctuates and produces more
points in the Ωlow?eff > Ω
up?
eff region.
1 In short, for all three
cases, the cosmological constant like model has a 30%
probability of being rejected. These cases suggest that
a time dependent modeling would be necessary. Despite
the probability be low and the cosmological constant be
still allowed, this amounts to show that this method is
capable of excluding a cosmological constant as the driver
of the accelerated expansion in a model independent way.
In Fig. 2 we show the 1σ − 3σ confidence regions of
(Ωlow?eff ,Ω
up?
eff ). These contours were computed, respec-
tively, as P (Ωlow?eff ≥ x, Ωup?eff ≤ y) = 68.27%, 95.45% and
99.73%, where
P (Ωlow?eff ≥ x, Ωup?eff ≤ y) =∫ y
0
dΩup?eff
∫ ∞
x
dΩlow?eff P (Ω
low?
eff , Ω
up?
eff ).
(33)
1 For the other intervals, z ∈ (0, 1.25) and z ∈ (0, 1.5) we have,
respectively, the probability of 48% and 65% of finding Ωlow?eff >
Ωup?eff .
That is, the contour curves correspond to intervals
(xc, yc), such that there is a probability of 31.73%,
4.55% and 0.27% (respectively 1σ, 2σ and 3σ) of finding
Ωlow?eff < xc and Ω
up?
eff > yc. For a given nσ contour curve
the point (0, yc) is equivalent to marginalize the distri-
bution in Ωlow?eff obtaining the point where the marginal
probability of finding Ωup?eff smaller than yc is nσ. Analo-
gously, the point (xc, ∞), corresponds to the point where
the marginal probability of finding Ωlow?eff larger than xc
is nσ.
In particular, for the flat case, the smallest allowed
intervals within 1σ, 2σ and 3σ confidence levels (CL)
are, respectively,
0.59 ≤ Ω0eff ≤ 0.91, (34)
0.48 ≤ Ω0eff ≤ 0.92, (35)
0.40 ≤ Ω0eff ≤ 0.93, (36)
as one can see in Fig. 2. It is also worth noting that as we
move in the Ωlow?eff → 0 direction the upper bound moves
to the one obtained marginalizing over Ωlow?eff as discussed
above, with the analogous happening when Ωup?eff → ∞.
From this we realize that the round corners of the con-
tours result from the correlation between Ωlow?eff and Ω
up?
eff .
This effect is more pronounced when Ω0k 6= 0, where
we can see that the results obtained using individual
8TABLE I. We show the upper bounds on the graviton mass
mentioned in the main text and the corresponding lower
bounds on log(D2 − 1) for the Visser theory. To calculate
the latter we considered h = 0.73 and the lowest value of Ω0eff
in the interval of 3σ CL.
mup[eV/c
2] log(m¯up) [log(D
2 − 1)]low
7.6× 10−20 [86] 13.7 -27.0
7.7× 10−23 [87] 10.7 -21.0
5.6× 10−28 [88, 89] 5.6 -10.8
6× 10−32 [90] 1.6 -2.82
marginalization of Ωlow?eff and Ω
up?
eff would have lead to
tighter but wrong constraints.
Since we are constraining the parameter Ω0eff , it is not
possible to obtain tight constraints on each specific pa-
rameter of the massive gravity theories. However, it is
possible to trace some conclusions about the parameter
space as follows.
For the case of the Visser’s theory, the bounds on Ω0eff
implies bounds on the parameters m and D. In Fig. 3
we show the constraints on the parameter space of the
Visser’s theory. The blue region is the 3σ CL of Ω0eff . It
can be seen that the closer to one D2 is, the higher is
the graviton mass parameter. Since fµν = D
2gµν , Fig. 3
suggests that these metrics would differ only slightly from
each other.
In the non relativistic regime massive gravity reduces
to a Yukawa-like potential instead of the Newtonian
potential. Therefore, this can in principle be used
to constraint m. This was already accomplished in
Refs. [88, 89, 91]. In Ref. [91] the authors consider analyt-
ical models of disk of spiral galaxies to constraint Yukaw-
ian potentials. They conclude that for disk galaxies exist
mg < 5.6 × 10−27 eV/c2. In addition, in Refs. [88, 89],
the authors use numerical simulations of spiral and el-
liptical galaxies to probe Yukawian potential. They find
that consistent structures of galaxies can be obtained if
mg < 5.6×10−28 eV/c2. The aforementioned results im-
ply the following constraint log(D2 − 1) > −10.8. If we
adopt such a lower bound as a reference we are lead to
D2 ∼ 1 in the Visser’s theory, which indicates again that
fµν and gµν would differ slightly from each other.
There are other bounds on the graviton mass in the
literature obtained by using a gravitational Yukawa po-
tential. Two examples are the bound from the precession
of Mercury which gives m < 7.2 × 10−23 eV/c2 [92, 93]
and a stronger bound from weak lensing data of a cluster
of stars at z = 1.2 is m < 6 × 10−32 eV/c2 [90]. Where
the last has the caveat of being dependent of the dark
matter distribution and cosmological model.
In the dynamical regime, bounds on the graviton mass
have been recently obtained using a modified dispersion
relation in the observation of gravitational waves from
the merger of binary black hole systems by the LIGO
interferometer. In its third detection, an upper limit
of 7.7 × 10−23 eV/c2 [87, 94] was established. Before
LIGO, the bound due gravitational wave emission was
m < 7.6×10−20 eV/c2 [86] which was obtained from pul-
sar timing of PSR B1913+16 and PSR B1534+12. For a
detailed review on the current and projected bounds on
the graviton mass and the theoretical aspects related to
such bounds see Ref. [95]. In Table I we summarize some
upper bounds on the graviton mass and the correspond-
ing lower bounds on D.
For the case of the Hassan and Rosen theory, there are
now three parameters, namely, m, c3 and c4. In what
follows we consider only the case with the plus sign before
the square root in the expression of D given by Eq. (31).
Similar conclusions could be drawn by using the minus
sign.
First of all, notice that Ω0eff = Ω
0
eff(m, c3, c4) given by
Eq. (32) does not have real values for c4 > 0, whereas c3
can be positive or negative. Figure 4 shows the param-
eter space where c3 < 0. Notice also that, in order to
have Ω0eff(m, c3, c4) > 0, there is a forbidden area in the
parameter space, as indicated. Such a region is delimited
by the function
c?4 =
1
3
c23(c3 − 3), (37)
in the (c3, c4) plane. Therefore, the maximum region for
admissible pairs of values of these two parameters is
c?4 < c4 < 0, if c3 < 0. (38)
If we combine the bounds on Ω0eff with an upper bound
on the graviton mass we conclude that
Q(c3, c4) >
Ωlow?eff
m2up
, (39)
where Q(c3, c4) is given by Eq. (30). The above equa-
tion gives the possible values of c3 and c4 given Ω
low?
eff
and mup. In the Fig. 4 we have used the 3σ CL of
Ω0eff , h = 0.73 and two values of mup, namely, 6× 10−32
eV/c2 and 5.6 × 10−28 eV/c2. For the latter value, the
region almost coincide with the maximum allowed space
parameter in the ranges chosen, which can be found by
imposing mup →∞ in the Eq. (39) leading again to Eqs.
(38) and (37).
Notice that there is a large range for which |c4|  |c3|,
in this case we obtainD ∼ 1 from Eq. (31) indicating that
this theory also includes the case for which the difference
between the dynamical and the background metrics is
very small.
V. CONCLUSION
In this article we considered an arbitrary alternative
gravity theory whose extra term acts like a cosmologi-
cal constant. Then, using the strong and dominant en-
ergy conditions and the assumption that ordinary mat-
ter fulfills these conditions, we derived lower and upper
bounds for Ω0eff . Considering three different priors for the
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FIG. 3. We show the space parameter log(m) vs. log(D2−1)
for the Visser’s theory considering Ωeff in the interval of 3σ
CL. The upper bounds on the graviton mass summarized in
the Table I are also indicated.
FIG. 4. The allowed region in the c4 vs. c3 plane for the
Hassan and Rosen theory. The black line is the analytical
function given by Eq. (38) which determines the maximum
allowed region (obtained for mup → ∞). The larger mup is,
the larger is the admissible space parameter for (c4, c3). As
an example, we show the region for mup = 6 × 10−32 eV/c2
and for mup = 5.6 × 10−28 eV/c2 (which encompasses the
region for mup = 6 × 10−32 eV/c2). In the latter case, the
region is almost coincident with the maximum allowed space
parameter by virtue of the ranges used for c3 and c4. We used
h = 0.7.
curvature parameter (Ω0k), we applied the reconstruction
method using a set of low redshift data [62, 75]. The
bounds Ωloweff (z) and Ω
up
eff(z) limit the value of Ω
0
eff in
the considered redshift interval. On the grounds that
both curves may have different shapes there are a non-
zero probability of excluding a constant Ω0eff since there
are cases where Ωloweff (z) > Ω
up
eff(z
′). In particular for
z ∈ [0, 0.5] this probability is about 30% for all three
cases. In order to study more closely these bounds, we
obtained the bi-dimensional probability distribution of
the extremes Ωlow?eff and Ω
up?
eff , finding the smallest al-
lowed bounds in 1σ − 3σ as exemplified for the flat case
in Eqs. (34–36).
It is worth emphasizing that we have presented in this
work a model-independent procedure to test the nature
of the dark energy in cosmological models like ΛCDM,
which in turn can stem from many possible modifications
in the gravitational theory. Furthermore, by assuming
that ordinary matter do not violate the EC’s we were
able to impose both lower and upper bounds on Ω0eff .
The value of these constraints are in accordance with the
model dependent analysis, which leads to Ω0eff = ΩΛ ≈
0.7 (see for example [4]). This shows two independent
analyses pointing out in the same direction.
In light of these results we also studied the constraints
for two bimetric massive gravity theories, namely, the
Visser’s and the Hassan and Rosen’s. We have taken
into account the particular case for which the massive
term mimics a cosmological constant in the Einstein’s
field equations. Besides such a solution can potentially
generate the present acceleration of the Universe, it is
also motivated by the fact that it is continuous in the
parameter space, in the sense that it is a solution simul-
taneously of massive gravity and bigravity in the limit of
vanishing kinetic term.
By considering the SEC and DEC we also have im-
posed constraints in the parameter space of both mas-
sive theories. Particularly, in the context of the Hassan
and Rosen’s approach, we identified a forbidden region
in the (c3, c4) plane which is independent of the gravi-
ton mass. But, in general, it is not possible to obtain
tight constraints on each specific parameter of the the-
ories since the ECs involve essentially Ω0eff which is a
combination of the c3, c4 and m parameters. In this
sense, we establish a wide range of possible values of
c3 and c4 which are in accordance with the bounds for
the graviton mass. For instance, considering the max-
imum allowed region in the space parameter, we have
c?4 < c4 < 0 where the lower bound for c4 is given by
Eq. (37). Therefore, if c3 = −1 → c?4 = −1.33 while
if c3 = −103 → c?4 = −3.34 × 108. In order to impose
further constraints in such a space parameter, other grav-
itational tests designed to bound c3 and c4 (independent
of Ωeff) would be needed.
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